We construct polarized spin reversal operator (PSRO) which yields a class of representations for the BC N type of Weyl algebra, and subsequently use this PSRO to find out novel exactly solvable variants of the BC N type of spin Calogero model. The strong coupling limit of such spin Calogero models generates the BC N type of Polychronakos spin chains with PSRO. We derive the exact spectra of the BC N type of spin Calogero models with PSRO and compute the partition functions of the related spin chains by using the freezing trick. We also find out an interesting relation between the partition functions of the BC N type and A N −1 type of Polychronakos spin chains. Finally, we study spectral properties like level density and distribution of spacing between consecutive energy levels for BC N type of Polychronakos spin chains with PSRO.
Introduction
Exactly solvable one-dimensional quantum many body systems with long-range interactions have been studied intensively during last few decades [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] and have been applied in various topics of contemporary physics as well as mathematics like generalized exclusion statistics, electric transport in mesoscopic systems, N = 4 super Yang-Mills theory, random matrix theory, multivariate orthogonal polynomials and Yangian quantum groups [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . Investigation of this type of quantum mechanical systems having only dynamical degrees of freedom was initiated by Calogero, who found the exact spectrum of a Hamiltonian describing particles on a line, subject to a harmonic confining potential and two-body long-range interaction inversely proportional to the square of the inter-particle distances [1] . An exactly solvable trigonometric variant of this rational Calogero model, with particles moving on a circle and interacting through two-body potentials proportional to the inverse square of their chord distances, was subsequently studied by Sutherland [2, 3] .
In a parallel development, Haldane and Shastry pioneered the study of quantum integrable spin chains with long-range interaction [5, 6] . They found an exactly solvable quantum spin- 1 2 chain with long-range interactions, whose ground state coincides with the U → ∞ limit of Gutzwiller's variational wave function for the Hubbard model, and yields a one-dimensional analogue of the resonating valence bond state. The lattice sites of this su(2) Haldane-Shastry (HS) spin chain are equally spaced on a circle and all spins interact with each other through pairwise exchange interactions inversely proportional to the square of their chord distances. Integrable models possessing both spin and dynamical degrees of freedom, like su(m) spin generalization of the Sutherland model, have been studied subsequently in the literature [31] [32] [33] . Furthermore, a close connection between the su(m) spin generalization of the Sutherland model and the HS chain with su(m) spin degrees of freedom has been established by using the method of 'freezing trick' [7, 34] . Indeed, by applying the above mentioned method, it can be shown that in the strong coupling limit the particles of the su(m) spin Sutherland model 'freeze' at the equilibrium position of the scalar part of the potential, and the dynamical and spin degrees of freedom decouple from each other. Moreover, since such equilibrium positions of the particles coincide with the equally spaced lattice points of the HS spin chain, the dynamics of the decoupled spin degrees of freedom naturally leads to the Hamiltonian of the su(m) HS model. In a similar way, application of this freezing trick to the su(m) spin Calogero model with harmonic confining potential yields the Polychronakos spin chain (also known as Polychronakos-Frahm (PF) spin chain in the literature) with Hamiltonian given by [7, 9] 
where ρ i denotes the i-th zero of the Hermite polynomial of degree N and P ij is the exchange operator interchanging the 'spins' (taking m possible values) of i-th and j-th lattice sites. Thus, unlike the case of HS spin chain, the lattice sites of the PF spin chain are inhomogeneously distributed on a line. Due to the decoupling of the spin and dynamical degrees of freedom of the su(m) spin Calogero model for large values of its coupling constant, an expression for the partition function of the su(m) PF spin chain can be obtained by first computing the spectrum and partition function of the su(m) spin Calogero model and then dividing such partition function by that of the spinless Calogero model [8] . Similarly, the partition function of su(m) HS spin chain can be computed by dividing the partition function of the su(m) spin Sutherland model at the strong coupling limit by that of the spinless Sutherland model [10] . The Hamiltonians of the above mentioned translational invariant su(m) HS and PF spin chains, in which the strength of interaction between any two spins depends only on the difference of their site coordinates, have a close connection with the A N −1 type of root system [4] . Variants of these spin chains associated with other root systems have also been studied in the literature and applied in the context of one dimensional physical systems with boundaries which break the translational invariance. In particular, the spectrum of an equally spaced spin- 1 2 HS chain related to the BC N root system has been studied by Bernerd et al. [35] . A key feature in the Hamiltonian of this spin chain is the presence of reflection operators likeP i (defined on the i-th lattice site) satisfying the relationP 2 i = 1l. Since the internal space associated with each lattice site is two dimensional for this spin chain, the reflection operator yields three inequivalent representations:P i = ±1l andP i = σ x , where σ x is a Pauli matrix. For the caseP i = 1l (or,P i = −1l), this spin- 1 2 chain becomes su(2) invariant and coincides (up to an additive constant) with a spin model with open boundary condition, which was first considered by Simons and Altshuler [36] . On the other hand, for the caseP i = σ x , whereP i can be interpreted as the spin reversal operator due to its action on the states of the i-th lattice site asP i | , this spin- 1 2 chain associated with the BC N root system breaks the su(2) symmetry.
TakingP i as the spin reversal operator (denoted by P i ) for any possible value of the 'spin' degrees of freedom (m 2), and also allowing the possibility of having unequally spaced lattice sites on a circle, the above mentioned HS spin chain associated with the BC N root system has been generalized by Enciso et al. [37] . By employing the freezing trick, the partition functions for this type of generalization of the HS spin chain and a similar generalization of the PF spin chain have also been calculated for all values of m [37, 38] . However, to the best of our knowledge, the partition functions for the Simons-Altshuler (SA) type generalizations of HS and PF spin chains, corresponding to the casesP i = ±1l, have not been computed till now for any value of m. Since SA type generalizations of HS and PF spin chains would be su(m) invariant, exact solutions of these spin chains may play an important role in describing boundary effects in physical systems which break the translational invariance but respect the internal su(m) symmetry.
Even thoughP i = ±1l andP i = σ x are the only possible inequivalent representations of the reflection operatorP i for the case m = 2, in this paper it will be shown that the situation is slightly more complex for the case m > 2. Since each inequivalent representation of the reflection operatorP i on a complex m-dimensional vector space may lead to a different type of HS or PF spin chain associated with the BC N root system, at present our main aim is to construct all possible inequivalent representations ofP i for any value of m and compute the partition functions of the corresponding PF spin chains through the freezing trick. Interestingly, it will turn out that, in general a representation ofP i can be characterized as a polarized spin reversal operator (PSRO) which acts like the identity operator on some spin components and acts like the spin reversal operator on the rest of the spin components. In a particular limit, such PSRO coincides with the usual spin reversal operator P i which changes the signs of all spin components and, in the opposite limit, such PSRO yieldsP i = 1l (or,P i = −1l). The latter representation of P i would allow us to construct a su(m) invariant SA type generalization of the PF spin chain, which is described by the Hamiltonian
where y i denotes the i-th zero of the generalized Laguerre polynomial L β−1 N . Hence, the lattice sites of this su(m) invariant Hamiltonian (1.2) implicitly depend on the real positive parameter β.
The organization of this paper is as follows. In Section 2, at first we review the key role played by the BC N type of Weyl algebra in deriving the spectrum of the BC N type of spin Calogero model. Then we construct the PSRO which, along with the spin exchange operator P ij , yields new representations of the BC N type of Weyl algebra in the internal space associated with N number of particles or lattice sites. In Section 3, we use such PSRO to obtain novel exactly solvable variants of the BC N type of spin Calogero model and subsequently take the strong coupling limit of these models to construct BC N type of PF spin chains with PSRO. Next, we derive the exact spectrum of the BC N type of spin Calogero models with PSRO and also compute the partition functions of the related spin chains by using the freezing trick. In Section 4, we derive an interesting relation between the partition function of the BC N type of PF spin chain with PSRO and that of the A N −1 type of PF spin chain. Then we establish a duality relation between the partition functions of the BC N type of anti-ferromagnetic and ferromagnetic PF spin chains with PSRO. In Section 5, we compute the ground state and the highest state energy levels corresponding to the BC N type of PF spin chains with PSRO. In Section 6, we study a few spectral properties of the BC N type of PF spin chains with PSRO, like the energy level density and nearest neighbour spacing distribution. In Section 7, we summarize our results and also mention some possible directions for future study.
Construction of the PSRO
Similar to the case of A N −1 type of quantum integrable systems with long-range interaction, BC N type of Dunkl operators and the corresponding auxiliary operator (which is a quadratic sum of all Dunkl operators) play a central role in calculating the exact spectrum of the BC N type of spin Calogero model and its scalar counterpart [38] . The form of such BC N type of auxiliary operator is given by , β > 0 are some real coupling constants and the notations x
i are used. Moreover, K ij and K i are coordinate permutation and sign reversing operators, defined by
Thus the operators K ij , K i and H act on the functions of the coordinate space, which is denoted by C ∞ (R N ) . By using Eq. (2.2), it is easy to check that K ij and K i give a realization of the BC N type of Weyl algebra generated by W ij and W i :
The Hamiltonian of the BC N type of spin Calogero model, as considered in Ref. [38] , is quite similar in form to that of the auxiliary operator (2.1). However, this Hamiltonian acts not only on the functions of the coordinate space, but on a direct product space like
with C m denoting the m-dimensional complex vector space associated with each particle. In terms of orthonormal basis vectors, the total spin space S may be expressed as
The spin exchange operator P ij and the spin reversal operator P i are defined on the space S as
It is easy to check that, similar to the case of K ij and K i , P ij and P i also give a realization of the BC N type of Weyl algebra (2.3). By using the operators P ij and P i , one can define the Hamiltonian of the BC N type of spin Calogero model as [38] 
where ǫ = ±1 and P ij ≡ P i P j P ij . Note that the Hamiltonian (2.7) of BC N spin Calogero model can be reproduced from the auxiliary operator (2.1) through simple substitutions like
Consequently, the Hilbert space and the spectrum of H (m) can be obtained from those of H by applying a projector Λ which satisfies the relations [38] 
For constructing the projector Λ, it is important to observe that both of the two sets of operators given by K ij , K i and P ij , P i yield realizations of the BC N type of Weyl algebra (2.3) on the spaces C ∞ (R N ) and S respectively. Hence, it is possible to define another set of operators like Π ij = K ij P ij , Π i = K i P i , which will yield a realization of the BC N type of Weyl algebra (2.3) on the space C ∞ (R N ) ⊗ S . Let us now define an operator Λ 0 on the space C ∞ (R N ) ⊗ S as 10) where P l denotes an element of the realization of the permutation group generated by the operators Π ij and ε l is the signature of P l . For example, corresponding to the simplest N = 2 and N = 3 cases, Λ 0 is given by
It is easy to show that Λ 0 in Eq. (2.10) satisfies the relations
. Hence Λ 0 acts as an antisymmetriser with respect to the simultaneous interchange of the coordinate and the spin degrees of freedom. With the help of this Λ 0 , it is possible to finally construct the projector Λ as [39] from the known spectrum of the auxiliary operator. Even though the projector (2.11) is constructed for a particular representation of the BC N type of Weyl algebra (2.3), such a projector can also be written in an abstract algebraic form [40] . Therefore, if we can modify the action of P i given in Eq. (2.6b) so that, along with P ij in (2.6a), this modified version of P i yields an inequivalent representation of the BC N type of Weyl algebra (2.3), then it would be possible to explicitly construct the corresponding projector in exactly same way. Consequently, such modified version of P i would lead to a new BC N type of spin Calogero model whose spectrum can be computed by using the method of projector. For the purpose of finding out modified versions of P i which may give inequivalent representations of the BC N type of Weyl algebra, at first we notice that the spin reversal operator P i in Eq. (2.6b) acts nontrivially only on the i-th spin space. Hence, this P i can also be written in the form
where P acts on C m as
In analogy with this case, we assume that all modified versions of P i act nontrivially only on the i-th spin space. Due to the relation W 2 i = 1l within Eq. (2.3b), such modified versions of P i can be treated as involutions on the i-th spin space. It is known that the Hamiltonian of the BC N type of spin Calogero model, with reflection operators formally defined as involutions on the corresponding spin spaces, yields a quantum integrable system with mutually commuting conserved quantities [41] . Consequently, the spin Calogero models which we shall construct in the next section by using modified versions of P i would also represent quantum integrable systems.
For the purpose of explicitly finding out all possible modified versions of P i , which act as involutions on the i-th spin space and also satisfy the BC N type of Weyl algebra (2.3), let us arbitrarily partition m into two parts as m = m 1 + m 2 , where m 1 m 2 0. Evidently, the internal space C m associated with the i-th particle can always be written as a direct sum of any two orthogonal subspaces of dimension m 1 −m 2 and 2m 2 respectively:
14)
where C m 1 −m 2 and C 2m 2 are defined in terms of orthonormal basis vectors as
In analogy with Eq. (2.12), we propose a modification of P i in the form
where P (m 1 ,m 2 ) acts in a rather different way on the two subspaces C m 1 −m 2 and C 2m 2 of the space C m . More precisely, P (m 1 ,m 2 ) acts like an identity operator on the space C m 1 −m 2 and acts like a spin reversal operator on the even dimensional space C 2m 2 . Thus, the action of P (m 1 ,m 2 ) on the basis vectors of C m 1 −m 2 is given by
Moreover, in analogy with Eq. (2.13), the action of P (m 1 ,m 2 ) on the first basis vector of C 2m 2 would give the last basis vector of this space, on the second basis vector would give the last but one basis vector, and so on. Hence, in general, the action of P (m 1 ,m 2 ) on the basis vectors of C 2m 2 may be written as
Since P (m 1 ,m 2 ) acts like a spin reversal operator only on a subspace of C m , and acts trivially on the complementary subspace, it is natural to call P
as a PSRO associated with the i-th particle. Note that the relation P (m 1 ,m 2 ) 2 = 1l is satisfied for both of the spaces C m 1 −m 2 and C 2m 2 . For the purpose of representing P (m 1 ,m 2 ) in a more convenient form, let us take another set of orthonormal basis vectors of C 2m 2 as 19) where β ∈ {1, 2, . . . , m 2 }. By using Eq. (2.18), it is easy to check that
Due to Eq. (2.14), we can choose an orthonormal set of basis vectors for the space C m as
where (2.20) , it is easy to show that P (m 1 ,m 2 ) acts as a diagonal matrix on the basis vectors (2.21) of C m : acts on these basis vectors as
In analogy with Eq. (2.6a), we define the action of P ij on the basis vectors (2.23) as
Using Eqs. (2.24) and (2.25), one can easily check that P
and P ij yield a realization of the BC N type of Weyl algebra (2.3). In this context it may be recalled that, while constructing P
as a PSRO, we have previously assumed that m 1 m 2 . However, this condition is really not necessary for showing that P 
it is evident that, for any given value of m, P
with each distinct set of values for m 1 and m 2 would lead to an inequivalent realization of the BC N type of Weyl algebra. In the next section, we shall use such PSRO to obtain new exactly solvable variants of the BC N type of spin Calogero model (2.7) and the related PF spin chain. It may be observed that the trace of the spin reversal operator P i in Eq. (2.6b) is given by
Comparing Eq. (2.26) with Eq. (2.27) we find that, the trace of P 
Spectra and partition functions of BC N type models with PSRO
In this section, we shall use the PSRO for obtaining new variants of the BC N type of spin Calogero model (2.7) and subsequently take the strong coupling limit of such spin Calogero models to construct the corresponding BC N type of PF spin chains. Next, by using the method of projector which has been discussed in the previous section, we shall find out the exact spectrum of BC N type of spin Calogero models with PSRO. Finally we shall compute the partition functions of the BC N type of PF spin chains with PSRO by using the freezing trick.
Substituting
in the Hamiltonian (2.7), we obtain the Hamiltonians of the BC N type of spin Calogero models with PSRO as
and ǫP i yield equivalent representations of the BC N type of Weyl algebra in the special case
after an appropriate similarity transformation in this special case. In another special case given by
reduces to the identity operator, H (m 1 ,m 2 ) (3.1) yields an SA type extension of spin Calogero model given by
It may be noted that, the above Hamiltonian has been obtained earlier by using an auxiliary operator, which was constructed through a combination of several A N −1 type of Dunkl operators [42] . However, at present we have obtained this Hamiltonian (3.2) as a special case of (3.1), which will be shown to be related to the B N type of Dunkl operators. Thus the Hamiltonian H (m,0) is surprisingly related to both A N −1 and B N types of Dunkl operators.
Since the potentials of the Hamiltonian H (m 1 ,m 2 ) (3.1) become singular in the limits x i ± x j → 0 and x i → 0, the configuration space of this Hamiltonian can be taken as one of the maximal open subsets of R N on which linear functionals x i ± x j and x i have constant signs, i.e., one of the Weyl chambers of the BC N root system. Let us choose this configuration space as the principal Weyl chamber given by
Note that this configuration space does not depend on the values of m 1 and m 2 , and coincides with the configuration space of H (m) [38] . The Hamiltonian of the BC N type of PF spin chains with PSRO can be obtained from the Hamiltonian (3.1) in the limit a → ∞ by means of the freezing trick. To this end, we express H (m 1 ,m 2 ) (3.1) in powers of the coupling constant a as
with
As the coefficient of a 2 order term in (3.4) dominates in the limit a → ∞, the particles of the spin dynamical model (3.1) concentrate at the coordinates ξ i of the minimum ξ of the potential U in C. Since the Hamiltonian (3.1) can be written in the form
where H sc is the scalar (spinless) Calogero model of B N type given by
and 8) it follows that the dynamical and internal degrees of freedom of H (m 1 ,m 2 ) decouple from each other in the limit a → ∞. Moreover, in this freezing limit, the internal degrees of freedom of H (m 1 ,m 2 ) are governed by the Hamiltonian
which is explicitly given by
The operator H (m 1 ,m 2 ) in the above equation represents the Hamiltonian of the BC N type of PF spin chain with PSRO, whose lattice sites ξ i are the coordinates of the unique minimum ξ of the potential U (3.5) within the configuration space C (3.3). The uniqueness of such minimum was established in Ref. [43] by expressing the potential U in terms of the logarithm of the ground state wave function of the scaler Calogero model (3.7). The ground state wave function of this scaler Calogero model takes the form 10) and the corresponding ground state energy is given by
Since the sites ξ i coincide with the coordinates of the (unique) critical point of log µ(x) in C, they can be determined through the set of relations [43, 38] , the Hamiltonian (3.9) is not su(m) invariant in general. However, in the special case given by
reduces to the su(m) invariant SA type generalization of the PF spin chain (1.2), whose partition function has not been computed till now. On the other hand, using a similarity transformation in the special case given by
can be reduced to the Hamiltonian
whose partition function has been computed earlier by using the freezing trick [38] .
We have already seen that the spin and dynamical degrees of freedom of the Hamiltonian (3.1) decouple in the freezing limit a → ∞. Hence, due to Eq. (3.6), eigenvalues of H (m 1 ,m 2 ) are approximately given by
where E sc i and E j are two arbitrary eigenvalues of H sc and H (m 1 ,m 2 ) respectively. By using the asymptotic relation (3.14), one can easily derive an exact formula for the partition function Z (m 1 ,m 2 ) N (T ) of the spin chain (3.9) as
where
(aT ) denotes the partition function for the spin dynamical model (3.1) and Z N (aT ) denotes that of the scalar model (3.7). Therefore, we can evaluate the partition function Z (m 1 ,m 2 ) N (T ) of the spin chain (3.9) by computing first the spectra and partition functions of the Hamiltonians H (m 1 ,m 2 ) and H sc . To this end, we shall follow the approach of Ref. [38] , where the auxiliary operator (2.1) and related Dunkl operators have played a key role. The form of rational Dunkl operators of BC N type are given by
where i ∈ {1, 2, . . . , N}. The auxiliary operator (2.1) can be written through these Dunkl operators as
Evidently, the Dunkl operators (3.16) map any monomial i x n i i into a polynomial of total degree n 1 + n 2 + · · · + n N − 1. Therefore, if we consider a Hilbert space having a set of basis vectors like
with n i 's being arbitrary non-negative integers, and partially order these basis vectors according to the total degree |n| ≡ n 1 +n 2 +· · ·+n N , then it follows from Eq. (3.17) that the operator H would become an upper triangular matrix in the aforesaid nonorthonormal basis. More precisely,
where 20) and the coefficients c mn are real constants. Since the diagonal elements of any upper triangular matrix coincide with its eigenvalues, the spectrum of H is given by Eq. (3.20) where n i 's can be taken as arbitrary non-negative integers. Note that the Hamiltonians of both scalar Calogero model (3.7) and the spin Calogero model with PSRO (3.1) may be obtained from the auxiliary operator (2.1) through formal substitutions like
Consequently, it would be possible to compute the spectra of these Hamiltonians from the known spectrum of the auxiliary operator with the help of appropriate projectors. For the purpose of obtaining the spectrum of H sc (3.7), one considers scalar functions of the form [38] 22) where Λ sc is the symmetriser with respect to both permutations and sign reversals, i.e., it satisfies the relations given by
By using these relations, it can be shown that the functions (3.22) form a (nonorthonormal) basis of the Hilbert space of H sc , provided that n i = 2k i are even integers and 
where q = e −1/(k B T ) andẼ 0 = E 0 /a. Next, for the purpose of finding out the spectrum and partition function of the BC N type of spin Calogero model with PSRO (3.1), let us assume that their exists a projector Λ (m 1 ,m 2 ) which would satisfy the relations
Following the procedure of constructing Λ (2.11) in Sec. 2, we obtain such 
With the help of this Λ (m 1 ,m 2 ) , let us define a set of state vectors depending on both coordinates and spins as (3.30) it is easy to check that, ψ s n 's defined through Eq. (3.28) would be nontrivial and linearly independent provided the following three conditions are imposed on the corresponding n i 's and s i 's.
1) We take an ordered form of n, which separately arranges its even and odd components into two nonincreasing sequences as n ≡ (n e , n o ) = ( 2) The allowed values of s i corresponding to each n i are given by
(3.32)
3) If n i = n j and i < j, then s i > s j .
We have already discussed how the condition 2) has emerged from Eq. (3.30). Due to the condition 2), the numbers of allowed spin components are different for even and odd values of n i (except for the particular case where m 1 = m 2 , corresponding to even values of m). Hence, for the sake of convenience, we have taken n in (3.31) such that its even and odd components are separated before arranging among themselves. Note that any given n can be brought in the ordered form (3.31) through an appropriate permutation of its components. Therefore, we can impose the condition 1) as a consequence of Eq. (3.29). Finally, the ordering of spin components in condition 3) can also be imposed due to Eq. (3.29). However, it should be noted that, the choice (3.31) for an ordered form of n does not uniquely follow from Eq. (3.29). For example, while constructing the basis vectors for the Hilbert space of H (m) (2.7), the ordered form (3.31) of n has been chosen earlier for odd values of m, but a quite different ordered form of n (which arranges all components of n in a nonincreasing sequence, without separating them into even and odd parts) has been chosen for even values of m [38] .
All linearly independent ψ s n 's (3.28), satisfying the above mentioned three conditions, may now be taken as a set of (nonorthonormal) basis vectors for the Hilbert space of the BC N type of spin Calogero model with PSRO (3.1). We define a partial ordering among these basis vectors as: 
Due to such triangular form of H (m 1 ,m 2 ) , all eigenvalues of this Hamiltonian are given by Eq. (3.34) , where the quantum number n satisfies the condition 1) and the quantum number s satisfies the conditions 2) and 3). Since the right hand side of Eq. (3.
Thus, the degeneracy factors of the energy levels for the spectrum of H (m 1 ,m 2 ) (3.1) explicitly depend on the discrete parameters m 1 and m 2 .
Since the degree of the monomial φ n (x) (3.18) with n arranged in the form (3.31) is given by |n| = 2
can be written as
Let us denote the numbers of the even and the odd components of n by N 1 and N 2 respectively, which can take all possible values ranging from 0 to N, and satisfy the condition N 1 + N 2 = N. From Eq. (3.31) it follows that
Thus we find that k ≡ {k 1 , k 2 , . . . , k s } ∈ P N 1 and g ≡ {g 1 , g 2 , . . . , g t } ∈ P N 2 , where P N 1 and P N 2 denote the sets of all ordered partitions of N 1 and N 2 respectively. Next, we sum over the Boltzmann weights corresponding to all possible n in the ordered form (3.31), by using the corresponding energy eigenvalues (3.36) and their degeneracy factors (3.35). Thus we obtain the canonical partition function for the BC N type of spin Calogero model with PSRO (3.1) as
where q = e −1/(k B T ) andẼ 0 = E 0 /a. Summing over l i 's and p j 's through appropriate change of variables, as done in Ref [38] while calculating the partition function of H (m) (2.7) for odd values of m, we get a simplified expression for the above partition function as
37) where κ i = i l=1 k l and ζ j = j l=1 g l denote the partial sums corresponding to the partitions k ∈ P N 1 and g ∈ P N 2 respectively. Using Eqs. (3.15), (3.24) and (3.37), we finally obtain an expression for the partition function of the BC N type of PF spin chain with PSRO (3.9) as
(3.38) However, from the above equation it is not clear whether Z (m 1 ,m 2 ) N (q) can be expressed as a polynomial function of q, which is expected for the case of any finite system with integer energies. In the following, we shall try to express Z (m 1 ,m 2 ) N (q) as a polynomial of q by using the q-binomial coefficients. To this end, we define complementary sets of the two sets {κ 1 , κ 2 , . . . , κ s } and {ζ 1 , ζ 2 , . . . , ζ t } as {1, 2, . . . , N 1 − 1,
Using the elements belonging to these complementary sets, one can write
(3.39) Substituting (3.39) to (3.38), we get
Since κ s = N 1 and ζ t = N 2 , the above equation can also be expressed as 40) where N N 1 q 2 denotes a q-binomial coefficient defined by
It is well known that a q-binomial coefficient like N N 1 q 2 can be written as an even polynomial of degree 2N 1 (N − N 1 ) in q [44] . Hence, the partition function (3.40) of the BC N type of PF spin chain with PSRO (3.9) is finally expressed as a polynomial in q. Since the partition function (3.40) does not depend on the parameter β which is present in the Hamiltonian (3.9), it is evident that the energy levels of this Hamiltonian do not change with the variation of β.
Let us now compare the partition function (3.40) with the previously obtained partition function [38] of the spin chain (3.13). As expected, in the special given by m 1 = m 2 + ǫ for odd values of m, (3.40) reproduces the partition function of the spin chain (3.13). However, in the special case given by m 1 = m 2 for even values of m, (3.40) yields an equivalent but apparently different looking expression for the partition function of the spin chain (3.13). This happens because the ordering of n, which was chosen earlier while computing the partition function of the spin chain (3.13), is same as (3.31) for odd values of m, but different from (3.31) for even values of m. It may also be noted that, for even values of m, the partition function of the BC N type of PF spin chain (3.13) can be related in a very simple way to the partition function of the A N −1 type of PF spin chain (1.1) with m/2 number of internal degrees of freedom [38] . However, no such simple relation is known to exist between the partition functions of the BC N and A N −1 types of PF spin chains for odd values of m. In the following section, we shall establish a novel relation between the partition functions of the BC N type of PF spin chains with PSRO and A N −1 type of PF spin chain, which would remain uniformly valid for all possible choice of m 1 and m 2 corresponding to both even and odd values of m.
Relation with the partition function of A N −1 type PF spin chain
For the purpose of making a connection between the partition function (3.40) of the BC N type of PF spin chain with PSRO and that of the A N −1 type of PF spin chain, at first we observe that the spin degeneracy factor d m 1 ,m 2 k,g (3.35) may be written as
where 
In this context it may be noted that, there exists several different but equivalent expressions for the partition function of the A N −1 type of PF spin chain (1.1) in the literature [8, 26, 45, 29] . For our present purpose, we shall use the following expression [45, 29] for the partition function of the A N −1 type of PF spin chain (1.1) with m internal degrees of freedom:
, the partial sums are given by F j = j i=1 f i , and the complementary partial sums are defined as {F 
Using (4.5), we finally express Z
Thus we obtain a remarkable relation between the partition function of the BC N type of PF spin chain with PSRO and the partition functions of several A N −1 type of PF spin chains, which can be applied for all possible values of m 1 and m 2 . However, it should be observed that, even in the special cases like m 1 = m 2 for even values of m, our relation (4.6) does not coincide with the previously derived relation [38] between the partition functions of the BC N and A N −1 types of PF spin chains. To shed some light on this matter through a particular example, let us choose the simplest case given by m 1 = m 2 = 1 for m = 2. Since d 1 (f) = 1 for f = {1, 1, · · · , 1} ∈ P N , and d 1 (f) = 0 for any other f within the set P N , from Eq. (4.5) it follows that Z A,1 N (T ) = q N (N −1) . Hence, by putting m 1 = m 2 = 1 in Eq. (4.6), we find that
As has been mentioned earlier, in the particular case given by m 1 = m 2 = 1, the BC N type of PF spin chain with PSRO (3.9) reduces to the BC N type of PF spin chain (3.13) with m = 2. For this case, the previously derived relation between the partition functions of the BC N and A N −1 types of PF spin chains yields [38]
Comparing the r.h.s. of Eqs. (4.7) and (4.8), we obtain an interesting identity of the form
Let us now consider another particular case given by m 1 = m, m 2 = 0, for which the BC N type of PF spin chain with PSRO (3.9) reduces to the SA type generalization (1.2) of the PF spin chain. Due to Eq. (3.32), it is evident that there exists no odd sector of n in (3.31), i.e., N 2 = 0 in this case. Therefore, the summation variable N 1 can only take the value N (instead of its usual range from 0 to N) in the r.h.s. of Eqs. (4.2) and (4.6). Consequently, in this special case, Eq. (4.6) yields
The above equality between two partition functions implies that the spectrum of the SA type generalization of the PF spin chain (1.2) with arbitrary value of the parameter β is exactly same with that of the A N −1 type of PF spin chain (4.4). This result is quite surprising, since the form of the two Hamiltonians given in (1.2) and (4.4) apparently differ from each other. Indeed, only in the simplest case of N = 2, we are able to analytically show that the two Hamiltonians given in (1.2) and (4.4) coincide with each other for any value of β. On the other hand, by ordering the zero points of the Hermite polynomial H N and the generalized Laguerre polynomial L β−1 N on the real line as ρ 1 > ρ 2 > · · · > ρ N and y 1 > y 2 > · · · > y N respectively, one can numerically verify that the following inequalities hold for finite values of β and for some N 3: i < j N. Even though the above inequalities hold for finite values of β, things become more interesting in the limit of β tending to infinity. In fact, we numerically find that the asymptotic relations given by It is well known that the partition functions of the A N −1 type of ferromagnetic and anti-ferromagnetic PF spin chains satisfy a duality relation [8, 11, 28] . This type of duality relation has also been established for the case of BC N type of anti-ferromagnetic PF spin chain (3.13) and its ferromagnetic counterpart [38] . Since the partition functions of the BC N type of PF spin chains with PSRO can be expressed through the partition functions of the A N −1 type of PF spin chains, it is expected that the partition functions of the former type of ferromagnetic and anti-ferromagnetic spin chains would also satisfy a duality relation. For the purpose of finding out such duality relation, we define the ferromagnetic counterpart corresponding to the BC N type of anti-ferromagnetic PF spin chain with PSRO (3.9) as
Next, by using Eq. (2.26), we find that trace of the operators P can only be ±1, these two operators with exactly same eigenvalues must be related through a similarity transformation. Hence, there exists a symmetric operator M such that
Using Eqs. (4.13) and (4.14), we get
Adding up the expressions in Eqs. (3.9) and (4.15), we obtain 16) where
Using the relation (3.12) satisfied by the zero points of the generalized Laguerre polynomial, it can be shown that [46, 47, 38] i =j
Consequently, Eq. (4.16) can be written as
are isospectral Hamiltonians, from the above equation it follows that and those of H (m 2 ,m 1 ) . Hence, one can easily derive a duality relation between the partition functions of the anti-ferromagnetic spin chain (4.13) and that of the ferromagnetic spin chain (3.9) as Z 
Ground state and highest state energies for spin chains with PSRO
In the present section, at first our aim is to calculate the ground state energy E min of the BC N type of anti-ferromagnetic PF spin chain with PSRO (3.9) by using the freezing trick. To this end, we consider Eq. (3.14) which implies that
where E sc min and E min represent the ground state energies of the BC N type of scalar Calogero model (3.7) and spin Calogero model with PSRO (3.1), respectively. It has been mentioned earlier that the eigenvalues of the BC N type of scalar Calogero model are given by Eq. (3.20) , where n i 's are even integers satisfying the relation n 1 n 2 · · · n N 0. Hence, by choosing all n i as zero, one finds that E sc min = E 0 . Due to Eq. (3.34), we can express the ground state energy of spin Calogero model with PSRO as E min = a|n| min + E 0 , where |n| min represents the minimum value of |n| for all possible choice of the multi-index n compatible with the conditions 1) − 3) of section 3. Substituting these expressions of E min and E sc min in Eq. (5.1), we obtain
For the purpose of calculating |n| min , it is convenient to consider two different ranges of the number l defined by l = N mod m. Evidently, N can be expressed through l as
where k is a nonnegative integer. For the case 0 l < m 1 , let us construct a multi-index n by combining the following even and odd components according to (3.31) :
Applying the conditions 2) and 3) of section 3, it is easy to check that such n yields |n| min with value given by
Using Eqs. (5.2), (5.4) and (5.3), we express the ground state energy of the antiferromagnetic spin chain with PSRO (3.9) as
Subsequently, for the case m 1 l < m, we construct a multi-index n by combining the following even and odd components according to (3.31) :
Again, applying the conditions 2) and 3) of section 3, we find that such n yields |n| min with value given by
Using Eqs. (5.2), (5.6) and (5.3), we obtain the ground state energy of the anti-ferromagnetic spin chain (3.9) as
It is easy to check that in the special case given by m 1 = m 2 (m 1 = m 2 + ǫ) for even (odd) values of m, Eqs. (5.5) and (5.7) reproduce the ground state energy obtained in Ref. [38] for the spin chain (3.13). Next, let us consider another special case given by m 1 = m, m 2 = 0, for which the spin chain with PSRO (3.9) reduces to the SA type generalization (1.2) of the PF spin chain. It is evident that Eq. (5.7) is not relevant for this case. Hence, by using Eq. (5.5), we obtain the ground state energy of the spin chain (1.2) as 8) which, as expected, is exactly double of the ground state energy associated with the A N −1 type of anti-ferromagnetic PF spin chain (1.1) [45] . Next, we want to find out the highest energy level E max for the BC N type of antiferromagnetic PF spin chain with PSRO (3.9). Since P
1l, each of these operators can have the eigenvalues ±1. If there exists a simultaneous eigenstate of these operators such that the eigenvalues of P ij ,P (m 1 ,m 2 ) ij and P (m 1 ,m 2 ) i are given by +1, +1 and −1 respectively, then that eigenstate would evidently yield the highest energy eigenvalue for the spin chain (3.9). For the case of an arbitrary value of m 1 and m 2 > 0, we can easily construct such an eigenstate as |s, s, · · · , s , where s > m 1 . Hence, by using Eq. (3.9), we get
Using the identities given in Eq. (4.17), we obtain the highest energy eigenvalue for the spin chain (3.9) in m 2 > 0 case as
Next, let us consider the case given by m 1 = m, m 2 = 0. In this case, the operator P
is not allowed to take the eigenvalue −1. Hence, if we consider a spin state like |s, s, · · · , s , with 0 s m, the eigenvalues of all of the operators P ij ,P (m 1 ,m 2 ) ij and P (m 1 ,m 2 ) i would be given by +1. Consequently, by using Eq. (3.9) and the first identity given in Eq. (4.17), we obtain the highest energy eigenvalue for the spin chain (3.9) in the case m 2 = 0 as
Again, it is interesting to note that this E max is exactly double of the highest energy eigenvalue associated with the A N −1 type of anti-ferromagnetic PF spin chain (1.1) [45] . It is well known that the spectrum of the A N −1 type of PF spin chain (1.1) is equispaced within its lowest and highest energy levels. This result follows from the fact that corresponding partition function Z A,m N (T ) (4.3) can be expressed as a polynomial in q with degree N(N − 1)/2, where all consecutive powers of q (within the allowed range) appear with positive integer coefficients [26] . In this context, it is interesting to ask whether the spectrum of the BC N type of PF spin chain with PSRO (3.9) is also equispaced. To answer this question, let us first consider the special case given by m 1 = m, m 2 = 0. Using Eq. (4.9) for this special case, we find that the corresponding partition function can be expressed as a polynomial in q with degree N (N − 1) , where all consecutive even powers of q appear with positive integer coefficients. Hence the spectrum of the spin chain (3.9) is equispaced in the above mentioned special case. Next, for the purpose of finding out the nature of spectrum in the case m 2 = 0, we examine all terms appearing in the corresponding partition function (4.6). It may be noted that, Hence, the spectrum of the spin chain (3.9) is equispaced also for the case m 2 = 0. However, in this case, the spacing between two consecutive levels reduces by a factor of half in comparison with that of the m 2 = 0 case.
Spectral properties of the spin chains with PSRO
In this section we shall study a few spectral properties of the BC N type of PF spin chain with PSRO (3.9), like its energy level density and nearest neighbour spacing distribution, for the case of finite but sufficiently large number of lattice sites. It was observed earlier [45, 38] that, for sufficiently large number of lattice sites, the energy level densities of both A N −1 type of PF spin chain (1.1) and BC N type of PF spin chain (3.13) tend to follow the Gaussian distribution with high degree of accuracy. An analytical proof for the Gaussian behaviour of the level density distributions at N → ∞ limit was given for the case of A N −1 type of spin chains and related one-dimensional vertex models [48, 49] . It was also found that, in contrast to the case of some other integrable systems [50, 51] , the spacings between consecutive levels in the spectra of spin chains (1.1) and (3.13) do not follow the Poissonian distribution [45, 38] . We have already noted that, the spectrum of the presently considered spin chain (3.9) leads to the spectra of the spin chains (1.1) and (3.13) in the special cases |m 1 − m 2 | 1 and m 2 = 0 respectively. Hence, in the following, we shall focus on the spectral properties of the spin chain (3.9) E i appears in such a polynomial, then E i would represent an energy eigenvalue and the coefficient of q E i would determine the degeneracy factor corresponding to this energy level. Let us denote this degeneracy factor or 'level density' associated with the energy level E i asd(E i ). Since the sum of these level densities for the full spectrum is not normalized to unity, we obtain the corresponding normalized
However, this method of computing the spectrum and the level density of the spin chain (3.9) by using its partition function (3.40) is not very efficient for large values of N (for example, using Mathematica in a personal computer, we can compute the level density up to about N = 20 for m 1 = 3 and m 2 = 1 case). To overcome this problem, we consider Eq. [52] . Applying this connection with the partition function of a one-dimensional vertex model, which can be expressed as a polynomial of q in a more efficient way with the help of Mathematica software, we have been able to compute the spectrum and the level density of the spin chain (3.9) for comparatively large values of N, for example, up to N = 80 with m 1 = 3 and m 2 = 1.
In order to compare the energy level density of the spin chain (3.9) with a curve like Gaussian distribution, it is needed to calculate the corresponding mean (µ) and variance (σ). These parameters are related to the Hamiltonian H (m 1 ,m 2 ) (3.9) as
Defining a parameter t as t ≡ m 1 − m 2 , and applying Eqs. (2.24) as well as (2.25), it is easy to find out the following trace relations:
where it is assumed that i, j, k, l are all different indices. Using Eq. (6.1) along with the above mentioned trace relations, we obtain
and
Using the identities in Eq. (4.17) and also similar identities given by [46, 47, 38 ]
we finally express µ (6.2) and σ 2 (6.3) in closed forms like
4)
Taking different sets of non-zero values of m 1 , m 2 satisfying the relation |m 1 − m 2 | > 1, and moderately large values of N (N 15), we find that the normalized level density of the spin chain (3.9) is in excellent agreement with the Gaussian distribution (normalized to unity) given by As an example, in Fig. 1 we compare the normalized level density with the Gaussian distribution for the case m 1 = 3, m 2 = 1 and N = 20. We also compute the mean square error (MSE) between the normalized level density and the Gaussian distribution for the above mentioned case and find it to be as low as 1.73 × 10 −8 . Moreover, it is found that this MSE decreases steadily with increasing number of lattice sites. In Table 1 we present the values of MSE calculated by taking different sets of values of m 1 and m 2 for a wide range of N. Next, our aim is to study the distribution of spacing between consecutive energy levels for the case of BC N type of PF spin chain with PSRO (3.9). To this end, let us define cumulative level spacing distribution as
where p(x) denotes the probability density of the normalized spacing x between consec-utive unfolded energy levels. In order to eliminate the effect of level density variation in the calculation of p(x), an unfolding mapping is usually applied to the 'raw' spectrum [53] . For the purpose of defining such unfolding mapping, at first the cumulative energy level density is decomposed as the sum of a fluctuating part and a continuous part (denoted by η(E)). We have already seen that, the energy level density of the spin chain (3.9) follows the Gaussian distribution with very good approximation. Hence, for this case, η(E) can be expressed through the error function as
This continuous part of the cumulative level density is used to transform each energy level E i , i = 1, ..., n, into an unfolded energy level given by η i ≡ η(E i ). Finally, the function p(s i ) is defined as the probability density of normalized spacing s i given by s i = (η i+1 − η i )/∆, where ∆ = (η n − η 1 )/(n − 1) denotes the mean spacing of the unfolded energy levels. According to a well-known conjecture by Berry and Tabor, for the case of a quantum integrable system, the density p(s) of normalized spacing should obey the Poisson's law: p(s) = e −s [54] . However, it has been found earlier that a large class of quantum integrable HS and PF like spin chains violate this conjecture and lead to non-Poissonian distribution of p(s) [10, 37, 38, 45, 55 ]. Moreover, the cumulative level spacing distributions of such spin chains obey a certain type of 'square root of a logarithm' law, which can be derived analytically by making a few assumptions about the corresponding spectra. More precisely, if the discrete spectrum of a quantum system satisfies the following four conditions: i) the energy levels are equispaced, i.e., E i+1 − E i = δ, for i = 1, 2, . . . , n − 1, ii) the level density is approximately Gaussian, iii) E max − µ, µ − E min ≫ σ, iv) |E max + E min − 2µ| ≪ E max − E min , then the cumulative level spacing distribution is approximately given by an analytic expression of the form [ We have already seen that the conditions i) and ii) are obeyed for the spectrum of the spin chain (3.9). Due to Eqs. (5.5), (5.7) and (5.10), it follows that E min = N 2 /m+O(N) and E max = N 2 . Moreover, using Eqs. (6.4) and (6.5), one obtains the leading order contributions to mean and variance as
Using these leading order contributions to E min , E max , µ and σ 2 , it is easy to check that the conditions iii) and iv) are also obeyed for the spectrum of the spin chain (3.9). Hence, it is expected that P (s) would follow the analytical expressionP (s) (6.9) in the case of spin chain (3.9) . By using Mathematica, we calculate P (s) for different values of m 1 , m 2 and for moderately large values of N, and find that P (s) matches withP (s) extremely well in all of these cases. As an example, in Fig. 2 we compare P (s) withP (s) for the case of m 1 = 3, m 2 = 1 and N = 20. Thus we may conclude that, similar to the case of many other quantum integrable spin chains with long-range interaction, the cumulative distribution of spacing between consecutive energy levels of the spin chain (3.9) follows the 'square root of a logarithm' law (6.9) with remarkable accuracy. 
Conclusions
In this paper we construct the PSRO (2.24) which, along with the spin exchange operator (2.25), yields a class of representations for the BC N type of Weyl algebra in the internal space associated with N number of particles or lattice sites. This PSRO allows us to find out novel exactly solvable variants (3.1) of the BC N type of spin Calogero model. Taking the strong coupling limit of these spin Calogero models and also using the freezing trick, we obtain the BC N type of PF spin chains with PSRO (3.9). In one limit, these spin chains reproduce the BC N type of PF models studied by Enciso et. al. [38] . In another limit, these spin chains yield new SA type generalization (1.2) of the PF spin chain.
Subsequently, we construct some (nonorthonormal) basis vectors for the Hilbert spaces of the BC N type of spin Calogero models with PSRO by using the projector (3.26) and derive the exact spectra of the these models by taking advantage of the fact that their Hamiltonians can be represented in triangular form while acting on the above mentioned basis vectors. Then we apply the freezing trick to compute the partition functions (3.40) for the BC N type of PF spin chains with PSRO. Furthermore, we derive a remarkable relation (4.6) between the partition function of the BC N type of PF spin chain with PSRO and that of the A N −1 type of PF spin chain. This relation turns out to be very efficient in studying spectral properties like level density and distribution of spacings for consecutive levels in the case of BC N type of PF spin chains with PSRO. We find that, similar to the case of many other quantum integrable spin chains with longrange interaction, the level density of these spin chains follows the Gaussian distribution and the cumulative distribution of spacing for consecutive levels follows a 'square root of a logarithm' law.
Taking a particular limit of the relation (4.6) we obtain Eq. (4.9), which implies that the spectrum of the SA type generalization of the PF spin chain (1.2) with arbitrary value of the parameter β would coincide with that of the scaled Hamiltonian (4.4) for A N −1 type of PF spin chain. This result is rather surprising, since the forms of the two above mentioned Hamiltonians apparently differ from each other. For the purpose of making some connection between these two apparently different types of Hamiltonians, we conjecture the asymptotic relation (4.11) between the (ordered) zero points of the Hermite polynomial and the generalized Laguerre polynomial. If this conjecture is correct, then the scaled Hamiltonian (4.4) of the A N −1 type of PF spin chain can be seen as a particular limit of the Hamiltonian (1.2) corresponding to the SA type generalization of the PF spin chain. However, we have only verified the conjecture (4.11) analytically for the case of N = 2 and numerically for N = 3 and N = 4. Therefore, finding out an analytical proof of the conjecture (4.11) might be an interesting problem to study from the viewpoint of orthogonal polynomials.
Finally it should be noted that, apart from the context of the BC N type of spin Calogero model and PF spin chain, the BC N type of Weyl algebra plays a very important role in context of the BC N type of spin Sutherland model, related HS spin chain and also for the cases of supersymmetric generalizations of these models [37, 56] . Therefore, one can use the PSRO (2.24) to construct novel exactly solvable variants of the BC N type of spin Sutherland model and HS spin chain [57] . Furthermore, it is also possible to construct supersymmetric generalization of the PSRO (2.24) and apply such operator to find out exactly solvable variants of the supersymmetric spin Calogero model and PF spin chain associated with the BC N root system [58] .
